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Altankhuyag D, Business and The application of economic—-mathematical models in the livestock sector plays a crucial role in reducing

Information  technology  school risks, lowering costs, and supporting efficient decision-making as well as in optimizing management practices

. . . . and enhancing overall production performance.
National University of Mongolia.
Through effective management and strategic planning of herd structure and turnover, production output
and economic efficiency can be stabilized.

The objective of this study is to develop a mathematical model describing the optimal structure and turnover
of livestock herds based on sphere packing theory. Official statistical data on herd size, composition,
and turnover were utilized. By incorporating structural and turnover constraints of livestock herds,
a mathematical model of herd structure and dynamics was formulated, and simulation analysis were
conducted to evaluate the model.

The structure and turnover of the livestock herd were derived using herd balance equations based on sphere
packing theory [1].

The proposed approach can be used as an advanced management tool at the national, regional, provincial,
and household levels.

Zavkhan Province of Mongolia was selected as a case study to examine the applicability of the proposed

model to sheep herding.
N J

Keywords: Sheep Farming, Herd Structure, Herd Dynamics, Economic-mathematical Model, Sphere Packing
Theory.

Received: January 05, 2026;
Accepted: January 12, 2026;
Published: January 19, 2026

and an impact on the industrial production
through creating economic instability.

Introduction

The livestock sector constitutes an essential
component of the economy, furnishing raw
materials to the processing industry and
ensuring food provision for the population.

As a prerequisite for developing a livestock
growth model and calculating the optimal
herd structure, some research was conducted

The livestock sector is highly dependent on on the types of livestock, numbers, and

natural and climatic conditions, and disasters
can lead to consequences such as livestock
population decline, reduced fertility, increased
animal diseases, and loss of herd structure
while also leading to increased poverty and
unemployment in society and economy, a
decline in the standard of living of the people,

structure of sheep herds in Zavkhan province
over the past 5 years.

Livestock herd structure is subject to change
under the influence of numerous internal
and external factors. In livestock production
planning, herd structure and turnover play a
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critical role. The scholarly contributions of research papers [2-4]
have significantly advanced the field of mathematical modeling
in animal husbandry and continue to play a pivotal role in
the development of Mongolia’s livestock production sector.
Livestock income maximization problem has been considered in
[5]. Unlike, in this paper we examine livestock structure and its
income from a view point of sphere packing theory [5].

Methodology

In this paper, we propose a new application of “Sphere packing
theory” which can be used in determining optimal structure of
livestock.

The sphere packing theory deals with packing none overlapping
spheres of the maximum volume in a given set [1]. In order to
examine optimal structure of livestock from a view point of
sphere packing theory it is worth mentioning the latest result on
this theory.

Let B(x0, r) be a ball with a center x’€R" and radius reR.
B’ r)={x € Rn|llx — x’I <r},

Here <> denotes the scalar product of two vectors in R”, and Il
is Euclidean norm. The n-dimensional volume of the Euclidean
ball B(x’, r)is [1]

%
rG+1)

V(B) =

rh,

where, I" is Leonhard Euler’s gamma function. Define the set of
D as follows.

D= {x € R" | (al,x) < b, i = l,m},
where, a'€ R", bi € R, i = 1m,

Assume that D is a compact set and D # @. Clearly, D is a convex
set in R".

Lemma [1]. B(x0, r)C D if and only if
(al, x) + r||ai|| <b,i=1m.

r = 0.

Then problem of inscribing the largest sphere into D reduces to
the following linear programming.

max 7 1)

subject to
(abx)+7|a|| < b.i=Tm, (2)
r=0. (3)

Let (x? 7”) be a solution to the above problem and if we take any
h=(hl,h2,...,h)€ER"
then,

hy hy hn
X = (Xl,t: ---;xn,t) = (xf,t + rtom, ~--;x3: + rrom, ---;xrl:,t +1 m)

hs

— — — hl {1 hn
= (Zyp o, Fne) = (xf,t - rtom. X — r["m. X =1 m)

Clearly x{, ! € B(x° 1), consequently x % € D.

According to sphere packing theory, a feasible point x, must
satisfy the following conditions:
0t

Tl J=1.0n.

h;
0 0 tit 0
Nje = Ve S it S Xje T

Dynamic Model of Herd Turnover

We write the herd turnover balance equations for each period
of t to determine the optimal structure and turnover of a sheep
herd. The livestock dynamics can be expressed by the following
equations.

Annual turnover:

L. Annual turnover of each age and sex group within the
herd:
X < bje + Xjyor + Xjr1se — Xja2ar — Xj43zt — Xraze — Nasye J = L2,..9
2. Ratio of ewes to lambs:
G (g +x50) <1y + 1y + 15
3. Sex ratio of lambs: (n, +n, ) =e n,,
4. The number of lambs /young animals/ reared at the end
of the year:

9 9

z X = (Mg + Mg +N30) + Z(_Xjus,: + X246 + Xj433t T Xjraze — Xjest)
j=7 Jj=7

Age progression:
5. Age progression from young animals /year-old-lamb/
to adult sheep and from lamb to year-old-lamb

Xyt — X415t T Xjgzar + Xjpsse + Xjpaze + Xjysie = X0 J = 4,5,6,7,89

Age and gender relationship:

6. Matching the number of ewes and rams:
ky- (xl,t + x4,t) < (gt xs5e) <ks* (xl,t + x4,z)
7. The proportion of ewes in the total herd, (%)
n- ij,t < (e + xs¢)
8. Matching of the number of rams and year-old rams:
Z1 X S Xap S Zz " Xt
9. The number ratio of male sheep and year-old-male
lambs:

Wi X3¢ S Xap S Wy X3¢

10. The matching number female sheep and year-old
female sheep:

Uyt Xy S X5 SV Xz
11. Sales-Slaughtering limit:

Rt < Xjy3ze + Xjyaze < Hje , j=12,..9
12. Lower and upper limits of abnormal loss:

M < Xjgsie <M, j=123..9
or abnornal loss can be calculated by average annual percentage
x,=4,J=12 ..9
13. The number of livestock at the end of the year: L, > g
"L, , g— growth for period t, here, x,, +x, +x; +x, +x; +x
+ x7,z + x8,r + x9t = Lr'

14. Nonnegative constraints for all variables: x,20j
=12 ..,9
15. Amount of income from sheep wool

Z=Y01%:"q; Pk

The following parameters are used with notations:

ij , - the number of sheep in the j-th age—sex group at
the beginning of year t.
- X, the number of sheep in the j-th age—sex group at the
end of year t.
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- q, - denotes the number of lambs raised per 100 ewes in
the j-th age—sex group in year t.

- et - denotes the sex ratio of lambs in year t.

- k,, k,- the upper and lower limits of the number of ewes
per ram.

- z, z, — the upper and lower limits of the replacement
rate of rams with year-old rams.

- w, w, - the upper and lower limits of the replacement
rate of ewes with year-old ewe lambs.

- v, v, - the upper and lower limits of the replacement
rate of male sheep with year-old ram lambs.

- h/;r and H,, - the lower and upper limits of sales and
slaughtering in the j-th age— sex group in year t.

- m, and ijt- the lower and upper limits of abnormal
losses for the j-th age and sex group in year t.

- L,— the sheep flock size in year t, or the forecast value.

Z=%]1%" 45 Pik = Yo
Xjr = bj,t + Xjror + Xjyist — Xjszar — Xji33,t — Xjrazt — Xj+s1,t »
q: - (xa + x5¢) <1y + 1y + 13
(nye+npe) =€ nge
2?:7 Xje = (Mt +Nae +n3¢) + Z?:?(_xj+15,t + Xj124¢ T Xj433,t T Xjrazt — Xj+s1,t)
Xjrot — Xjr15¢ T Xjr2ac t Xjaaae + Xjpaze + Xjysie = Xje, J = 4,5,6,7,8,9
ky - (xl,t + x4,t) < (xgr +X50) < kg (xi,t + x4,t)
n: Z?:l Xjp < (xz,t + xs,r)
Zy Xy S Xgr S Zpt Xqt

Wit X3p S Xgp S Wy Xgp

- q,, - the yield norm of product type k obtained from
sheep in age—sex group j.

- Pi- the market price per unit of k-type product obtained
from sheep in the j-th age—sex group.

- z — income from sheep wool

- Y, - aminimum income level.

In the calculation of the economic—mathematical model for
determining the structure and turnover of a sheep herd, the
following auxiliary table was used, as well as official statistical
data on the productivity and prices of Mongolian sheep wool.

Then, a problem of finding optimal structure of livestock to
subject to constraints of a minimum level income of yo is the
following:

[4]
[5]
[6]
[7]

j=12,..9

V1" X2 S X5 S V2" X2

hiv < X336+ Xjpaze < Hje , j=1,2,..9

mje < Xjysye < Mj,t , J=123,..9 [15]
Xe=Air, j=12,..,9 [16]
Liys 29 Le, [17]
X1t + X2 + X3¢+ Xar + X5 + Xor + X7+ + Xgp + Xor = L. [18]
X 20, j=12,..9 [19]

Now if we apply sphere packing approach to system (4)-(19), then we have the following linear programming problem [1].
maxr (20)
Xit — Xjror — Xjy1se T Xjgoar T Xjgzze T Xjpaze + Xjysie + V7.1 < bje, J = 19 (21)
Qr'xz,r+Qr'x5.t+Qr'\ﬁ'T < ¥iim (22)
(ni.r + nz.t) = € " MNay (23)
Z?:?(Ij,r + Xji15¢6 — Xj+24 — Xj+33¢t — Xj4aze T Xjas1e) + Vi8:r < 21'3:1 n; (24)
Xjivet — Xjr15t T Xj2ae T Xjwsar + Xaaze ¥ Xjgsre — X0 + V7-r <o, j=19 (25)
ky - xy, +k1*x4lr—x2rr—x5lr+«.,.?2+2kf r<0 (26)
Xop+ Xge — ko Xpp —ky x4, +/24+2ki T <0 (27)
—Xgp — Xgp E?:lxj.t +V2+9 nZ-r<o (28)
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Zy Xy —Xgp HoJzE + 17 <0
x4it—zz-x1|r+m-r{[]
Wy Xgp—Xgp FyWi+1:r<0
x4lr—w2-x3jt+m-rﬂ:{}
vl-xzjr—x&ﬁ-m-r«czﬂ

(
(
(
(
(
Xt — Vg Xgp +4/1+VE-7<0 (
(
(
(
(
(
(

W W W W W
oW N = O
R

Xj+33¢ T Xjpazt — V2ir> hie,j =19
Xjs33c * Xjpaze + V2ir< Hje, j =19
Xjps1,e — T >mj., j =19

Xjas1e + T < Mj, j = 1,9

2
a
L—

w
2

2
-q
L—

xlrr + :':2,[' + x3,l’ + xd-,E' + xEJE + xr_:ht + .'Jc?‘t + JCBJE + Xogt + '\@‘T < Lt

x'.t_r::’ﬂv f:ﬁ

j 40)

3 Xy Ay Pk — sz?:lq;%t P2, 1 > v, 1)

We introduce the following variables in table 1.

Table 1: Variables of the model.

Ne Age and sex groups of | 2 @ Flock of Income Flock of Expenses g
the flock =% o o
N —

a, oy s = O - - < =

8 .E = 2 Q ] O é =

< g n < = = = < O 5 >

= © en < o ao o, a < = 5o

o By = g S 0| O > O o O 5h 8 a <

2PE|E |8 |58|2¢:2 [£% £ |22 2%

Ho > | = < 2% | @ 8 IR 7 S 5 ©»n o
1 Ram b, Yoo [ Xisr | X5y X344 X34 Xsot X
2 Ewe b,, TP T PP 2T X351 K41 X L
3 Male sheep b, Troe [ Xrse [ Xy X6 X5 Xsqs X
4 Year-old- ram bn X3 X194 X281 X374 X6 X551 Xys
5 Female- year-old lamb b, Xrar | %00, X201 X381 X474 X6t Xs.
6 Male-year- old lamb by, Xise | Xors | X304 X304 s X574 L
7 Lamb-ram bn o Xons X314 Y04 Y04 X X7
8 Felame lamb bé’t oy X234 X324 Xats X504 X504 Xs.
9 Male lamb b9t s, Y44 X334 X4 X514 Y. Yo

In order to solve a problem (20)-(41), we use livestock growth of ~ Figure 1: Actual and prospective trends in sheep herd size
Zavkhan province computed by stochastic and Exponential and  calculated using ELWS and stochastic methods. (thous.heads)
Logistic Weighted Sum (ELWS) method in [6].
Source:  National  Statistics ~Committee, ~www.1212.mn
2500 Researcher’s calculation

2000 == Sheep, Actual

00 /“M.

—e—Sheep, ELWA
1000 growth model

500 Sheep,

STOCHASTIC
method

uuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuu
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Table 2: Results of calculating the prospective trends of the sheep herd up to 2035 using the Exponential-Logistic—Weighted

Average method, and the projected herd structure. (thous.heads)

Year The number | Ram | Ewe Male Year old | Year- old Year- old Lamb | Female | Male
of sheep sheep | ram female lamb | male lamb | ram lamb lamb
2024 1442.62 599 48490 |254.19 |0.08 137.00 143.74 0.08 |200.55 |216.09
2025 1640.76 6.82 | 551.50 | 289.10 | 0.09 155.81 163.48 0.09 |228.10 |245.77
2026 1656.95 6.88 |556.94 |291.95 |0.09 157.35 165.10 0.09 |230.35 |248.19
2027 1672.65 6.95 |562.22 | 29472 |0.10 158.84 166.66 0.09 |232.53 |250.55
2028 1687.88 7.01 |567.34 |297.40 |0.10 160.29 168.18 0.09 |234.65 |252.83
2029 1702.63 7.07 57230 |300.00 | 0.10 161.69 169.65 0.09 |236.70 | 255.04
2030 1716.93 7.13 | 577.10 |302.52 | 0.10 163.05 171.07 0.09 |238.69 |257.18
2031 1730.78 7.19 | 581.76 |304.96 | 0.10 164.36 172.45 0.09 |240.61 |259.25
2032 1744.20 7.25 |586.27 |307.33 |0.10 165.64 173.79 0.09 24248 |261.26
2033 1757.20 7.30 |590.64 309.62 |0.10 166.87 175.09 0.09 24429 |263.21
2034 1769.81 735 |594.88 |311.84 | 0.10 168.07 176.34 0.09 |246.04 |265.10
2035 1782.03 7.40 159898 |313.99 |0.10 169.23 177.56 0.09 |247.74 |266.93
Structure, % | 100 042 |33.61 |17.62 |0.01 9.50 9.96 0.01 |13.90 14.98

Source: Researchers calculation

Table 3: Results of stochastic estimation of the prospective trends of the sheep herd up to 2035 and the projected herd

structure
Year The number | Ram | Ewe Male Year old | Year- old Year- old Lamb | Female | Male
of sheep, sheep | ram female lamb | male lamb | ram |lamb lamb
calculation
2024 1442.62 599 148490 |254.19 |0.08 137.00 143.74 0.08 |200.55 |216.09
2025 1404.39 583 |472.05 |247.45 |0.08 133.37 139.93 0.07 19524 210.36
2026 1400.24 582 470.66 | 246.72 | 0.08 132.97 139.52 0.07 | 194.66 | 209.74
2027 1470.74 6.11 49435 |259.14 | 0.08 139.67 146.54 0.08 |204.46 |220.30
2028 1457.07 6.05 |489.76 | 256.74 | 0.08 138.37 145.18 0.08 |202.56 |218.25
2029 1556.65 6.47 |523.23 |274.28 |0.09 147.83 155.10 0.08 |216.41 |233.17
2030 1585.01 6.58 |532.76 |279.28 |0.09 150.52 157.93 0.08 22035 |237.42
2031 1511.47 6.28 |508.04 | 266.32 |0.09 143.54 150.60 0.08 |210.12 |226.40
2032 1467.97 6.10 |493.42 | 25865 | 0.08 139.41 146.27 0.08 |204.08 |219.89
2033 1398.60 581 |470.11 | 246.43 | 0.08 132.82 139.35 0.07 |194.43 | 209.50
2034 1402.23 582 |471.32 | 247.07 |0.08 133.16 139.72 0.07 19494 |210.04
2035 1389.27 577 146697 |244.79 |0.08 131.93 138.42 0.07 |193.14 |208.10
Structure, % | 100.00 042 |33.61 |17.62 |0.01 9.50 9.96 0.01 |13.90 14.98
Source: Calculated based on the average herd structure for 2020-2023

Source: Researchers calculation

Due to the influence of external and internal factors, livestock numbers may decline, offspring survival rates may decrease, livestock
morbidity may increase, and herd structure may deteriorate. As a result of fluctuations in livestock numbers, income derived from

the herd tends to be unstable.

The age- and sex-structured composition of the sheep flock for the period 2025-2035 was derived using Sphere Packing Theory.
Problem (20)-(41) was solved on Matlab. In numerical computations, we have taken yo as 70 billion MNT.
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Results of Computations

Table 4: Optimal structure of sheep for 2025, 2030 and 2035 (thous.heads)

2025 Year
Age and sex groups i | Stochastic | Low r*=3.882 | Upper ELWS | Low r*=4.535 Upper
of the flock method, | bound | goJytion, x | bound of x, method | bound Solution, x, | bound of x,
of x, ' of x, '
Ram 1/5.83 8.42 9.72 11.01 6.82 9.84 11.35 12.86
Ewe 2 1472.05 474.64 | 47593 477.23 551.50 |554.52 | 556.03 557.55
Male sheep 3124745 250.04 |251.33 252.63 289.10 [292.12  |293.64 295.15
Year old ram 410.08 2.67 3.96 5.26 0.09 3.12 4.63 6.14
Year-old female lamb | 5 | 133.37 97.85 99.14 100.44 155.81 | 114.32 115.83 117.34
Year-old male lamb 6]139.93 142.52 | 143.81 145.11 163.48 | 166.51 168.02 169.53
Lamb ram 710.07 54.63 55.93 57.22 0.09 63.83 65.34 66.85
Female lamb 8 1 195.24 183.15 | 184.44 185.73 228.10 | 213.97 215.48 217.00
Male lamb 91210.36 124.02 | 125.32 126.61 245.77 | 144.90 146.41 147.92
Number of sheeps 1404.39 | 1337.94 | 1349.58 1361.23 1640.76 | 1563.12 | 1576.73 1590.33
2030 Year
i | Stochastic | Low r*=4.381 | Upper ELWS | Low r*=2.538 Upper
method, | bound | go[ytion, x | bound of x, method | bound Solution, x, | bound of x,
of x, ' of x, '
Ram 1]6.58 9.50 10.97 12.43 7.13 8.35 8.68 9.00
Ewe 2 |532.76 535.68 |537.14 538.60 577.10 | 544.66 544.99 545.31
Male sheep 31279.28 282.20 | 283.66 285.12 302.52 | 222.16 222.48 222.81
Year old ram 410.09 3.01 4.47 5.93 0.10 0.26 0.59 0.92
Year -old female lamb | 5 | 150.52 11044 | 111.90 113.36 163.05 | 84.33 84.66 84.99
Year -old male lamb | 6 | 157.93 160.85 |162.31 163.77 171.07 | 161.22 161.55 161.87
Lamb ram 710.08 61.66 63.12 64.58 0.09 63.58 63.91 64.24
Female lamb 8 | 220.35 206.70 | 208.16 209.62 238.69 | 215.13 215.46 215.79
Male lamb 9123742 139.97 |141.43 142.89 257.18 | 14541 145.74 146.06
Number of sheeps 1585.01 1510.02 | 1523.16 1536.30 1716.93 | 1445.10 | 1448.05 1451.00
2035 Year
i | Stochastic | Low r*=4.840 | Upper ELWS | Low r*=4.925
method, bound Solution, x. bound of x, method | bound Solution, x.
of x, ' of x, '
Ram 1577 8.33 9.61 10.89 7.40 10.69 12.33 13.97
Ewe 2 1466.97 469.53 | 470.81 472.09 598.98 | 602.27 603.91 605.55
Male sheep 31244.79 247.35 | 248.63 249.91 313.99 |317.28 318.92 320.56
Year old ram 410.08 2.64 3.92 5.20 0.10 3.38 5.03 6.67
Year -old female lamb | 5 | 131.93 96.80 98.08 99.36 169.23 | 124.16 182.48 127.45
Year -old male lamb | 6 | 138.42 140.98 | 142.26 143.54 177.56 | 180.84 | 70.96 184.13
Lamb ram 710.07 54.04 55.32 56.60 0.09 69.32 70.96 72.60
Female lamb 8 1 193.14 181.18 | 182.46 183.74 247.74 |232.39 234.04 235.68
Male lamb 9 1208.10 122.69 |123.97 125.25 266.93 | 157.37 159.01 160.66
Number of sheeps 1389.27 1323.53 | 1335.05 1346.57 1782.03 | 1697.71 | 1712.48 1727.26

Source: Researchers calculation

For each projection scenario, the application of Sphere Packing Theory provides a basis for stabilizing flock productivity and the
associated income streams.
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Conclusion

We determined optimal structure of livestock for case of sheep
population of Zavkhan province of Mongolia, using sphere
packing theory. In numerical calculations, we used sheep growth
previously computed in [5]. Sphere packing theory allows us to
find optimal range of number of sheep for deferent age, ensuring
a given level of profit.

The application of sphere packing theory in livestock husbandry
represents a new approach to developing a sustainable animal
production [7,8].

The proposed method and its application can be used for other
types of livestock such as house, goat, camel and cow [9].
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