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ABSTRACT

Inverse scattering problem by many small bodies is investigated. It is proved that the number of these bodies in a
unit volume and the boundary impedance on the surface of these bodies cannot be recovered from the scattering
data simultaneously. The basic assumption is a << d <<, where a is the size of a small body, d is the distance

between neighboring bodies, and A is the wave length.
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Introduction
Our result in this paper is based on the ma-

ny-body wave scattering theory developed in
[1], [2] and [4],[5]. Consider the wave scatter-
ing problem by many small bodies. Each of
these bodies has the size a. This means that
this body D can be put in a ball of radius a,
centered at a point x_, and a ball of radius a/2
centered at the point x  belongs to the body,
1 <m < M, where M is the number of small
bodies. The basic assumption is:

0 d €, (1)

where d is the minimal distance between
neighboring bodies, and A is the wave length.

In the cited author’s monographs various
boundary conditions are investigated.

In this paper we assume the impedance
boundary condition on § , the surface of each
of the small bodies:

G =" e, < @

UN = (Gt on Spm, s

Parameter x € [0, 1) can be fixed arbitrarily by
the experimenter, a is very small, the number M
of small scatterers is large: M= O(a*?) asa — 0,

N is the extrior unit normal on § = |J_, §,,, the
distribution of small bodies (scatterers) is given
by the formula:

1
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N(A) = /A N(@)da[l + o(1)], a—0, 3)

where A C D is an arbitrary open subset of D.

The scattering problem by many small scat-
terers with impedance boundary condition is:

(A + K uy = 0in B\ | Dy, (4)

gy
aN

= Cmuar on Sy, (5)

where v, the scattered field, satisfies the radia-
tion condition at infinity, and u, is the incident
field, o is a unit vector and k£ > 0 is the wave
number.

In p.41, wave scattering by many small scat-
terers, placed in an inhomogeneous medium
is considered [4].

In this paper we assume for simplicity that the
small scatterers are placed in a bounded do-
main D in a free space. It is proved in that the
many-body scattering problem (4)-(5) has a
solution, this solution is unique, and, as @ — 0
the solution tends uniformly to a limiting val-
ue u(x), that satisfies the integral equation [4]:
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—h(y) N (y)uly)dy. (7)

w(x) = up(x) — [P

This equation has a solution and the solution is unique (see [3],
p. Its solution u solves the limiting scattering problem:

(A + k* — 47N (z)h(x))u = 0, (8)

wpyp = ug 4+ v, ug = e, (9)
It is of interest to know that the theory developed in allows one
to solve asymptotically (as a — 0) exactly many-body scatter-
ing problem under the assumptions when the multiple scattering
is essential, and to prove that the limiting field solves integral
equation (6) [4]. It is proved in, p.264, that the scattering am-
plitude corresponding to the limiting scattering problem (7)-(8)
determines uniquely the potential p(x): = 42N (x)h(x) [3].

Let us prove that the knowledge of p(x) does not allow to deter-
mine N (x) and /(x) simultaneously.

Theorem 1. The scattering amplitude at a fixed £ > 0 deter-
mines uniquely the potential p(x): = 4nN(x)h(x), but cannot
determine simultaneously NV(x) and the impedance boundary
condition uniquely.

Proof. As was mentioned earlier, the scattering amplitude at a
fixed £ > 0 determines uniquely the potential p(x): = 4N (x)A(x).

One can fix N (x) > 0 arbitrarily, for example, to take N (x) = ¢ >
0, where c is a constant. Then

h(x) = %

(10)
The A(x) determines the boundary condition uniquely, see equa-
tion (2).

Theorem 1 is proved.

Conclusion

A non-uniqueness of the solution to an inverse scattering prob-
lem for many small bodies with an impedance boundary condi-
tion is proved under the assumption a << d << A, for very small
a. Here a is the size of a small body, d is the minimal distance
between neighboring bodies, A is the wavelength. One can deter-
mine N(x)Ah(x) but not separately N(x) and &(x).
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