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ABSTRACT

Let f € L*(S?) be arbitrary, ¢ > 0 be arbitrary small fixed, q(x) € L*(D) be a real-valued function, Dc R’ be a
bounded domain, a € § be a fixed vector, k > 0 be a fixed number. Denote by A(p) the scattering amplitude A(p,
a, k), corresponding to the scattering of the plane wave ¢"*** by the potential q. The inverse problem is:

IP: Can one find q such that //f () — A(P)// <e.

We solve this problem and give a method for its solution.
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Introduction
Let f'€ LXS?) be arbitrary, € > 0 be arbitrary
small fixed, ¢(x) € L*(D) be a real-valued func-
tion, DCR? be a bounded domain, o € S*> be a
fixed vector, S? is the unit sphere in R*, k> 0 be
a fixed number. Denote by 4(f) the scattering
amplitude A(f, a, k), corresponding to the scat-
tering of the plane wave e#** by the potential g.
The inverse problem is:
IP: Can one find q such that

N ) = ABI < € )

where € > 0 is an arbitrary small number?

It was not known if this problem has a solu-
tion. This problem was studied and solved
in [3]. We formulate the result and refer the
reader to monograph for a detailed proof [3].
The purpose of this paper is to give a detailed
proof of a simpler result.

The scattering problem is:

AutkPu—gz)u=0, u=up+v, up=eree ]il‘[‘lj r(v—ikv) =0, (2)
b

where 7 = |x|. Problem (2) has a solution and
the solution is unique (see, for example, [4]).
The scattering amplitude is ([4], p. 363):

A(B) == Aq(B) = —ﬁ /W e By, o, k)u(y)dy, (3)

where u(y) == u(y, o, k) is the scattering solu-
tion, and the dependence on o and k is omitted
since o.and k are fixed. Since o € S>and k>0 are
fixed, we denoted the scattering amplitude A(f).

Let us formulate our result.

Theorem 1. For any f (f) € L*(S?) and
an arbitrary small number € > 0, there ex-
ists a ¢ € L*(D) such that inequality (1) holds.

Remark 1. There are infinite-
ly many potentials satisfying (1). In-
deed, the scattering amplitude depends contin-
uously on the potential in the following sense:

lAg — Agllz2(s2y < cllar = a2ll 2oy, (4)

where ¢ > 0 is a constant depending only on
the bound for the norms of the potentials and
on D. Therefore, small changes of the po-
tential in L*(D) norm led to small changes
in the scattering amplitude in L*(S?) norm in
the sense (4). Thus, if inequality (1) holds for
some ¢ € L(D), it will hold for any potential,
sufficiently close to ¢ in L*(D) norm. Esti-
mate (4) can be obtained from equation (3)
by using the Cauchy inequality and the esti-
mate sup_{x € R*} |u(x, o, k)| <c, ([4], p.364.)

Remark 2. Theorem 1 can be of prac-
tical interest. For example, let () = [ in
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a narrow cone and f () = 0 outside this cone. Then the body
D with such radiation pattern will have practical interest. The
wave, scattered by this body, will be scattered mostly in the
above cone. The scattered wave can be directed not as usual to
the back of the body and to the front of the body, but mostly
to the above cone. Such bodies we call wave-focusing bodies.

Proofs
Let us prove first the following result.
Theorem 1a. For any f € L*(S?) and any € >0 one can find

h € L?(D) such that the set [ e™**h(x)dx}h €
L%(D) is dense in L%(S?).

Corollary1.Givenfe L*(S?) and € >0, arbitrarily small,one
can find % € L*(D) such that

£(8) + ﬁ /D e kBT (1) dx|| < e.

Proof of Theorem 1a. Assume the contrary. Then there exists
v € L*(S?) such that

0= / dBy(pB) / e *BTh(z)dx Vh e LY(D).
52 D
Changing the order of integration, one gets:

/ dpy(B)e™ ™8 — 0 Vo e D cR3.
SQ

Since the integral is an entire function of x which vanish-
es in D, it vanishes in R* by analytic continuation. Therefore,

o 2 —iAB-xz 5()‘ — k) _ 3
/0 dAA /SQdﬁe Y(A=F— =0 Vo e R

By the injectivity of the Fourier transform, one gets
SO — k)
BB =g = 0.
Applying this distribution to an arbitrary

C5°(R3) test function ¢(2, f) one gets w(f)p(k, ) = 0. Since
the function ¢ is arbitrary, it follows that yw(f) = 0.

Theorem la is proved.

Theorem 1 follows from Theorem 1a and the following
Theorem 1b:

Theorem1b.Theset {g(x)u(x,a k) }vge L*(D)isdensein L*(D).

A proof of Theorem 1b is more difficult than the proof of
Theorem la. It can be found in [3], pp. 61-65. Let us outline
some of the ideas of our proof of Theorem 1b.

If the function

u=u(z)=u(z,ak) (5)

belongs to L2(D), then qu € L*(D), and there is nothing to prove. If
q(x) doesnotbelongto L*(D),thenu=0,s0 Ru=0and Su=0.These
are two equations for the A functions in R, where H? = H*(R%) is
the Sobolev space. Therefore, they define a line in R*. Let us cover
thisline by a tubularneighborhood N, := {x: x € D,Ju(x)|<4} andlet
D,: = D\N,. Define hy = h in D, and h, = 0 in N,, and set g,:=
4, where u, = u, — ng(x,y)hﬁ(y)dy.

One can prove that this g, is a bounded function [3]. This
proves Theorem 1b.

Conclusion

A recipe is given for creating materials with a desired refraction
coefficient by embedding into a given material many small par-
ticles with prescribed boundary impedances [3].

The refraction coefficient can be so chosen that the resulting
material will have a desired radiation pattern for a fixed wave
number and a fixed direction of the incident plane wave.

Materials with a prescribed radiation pattern (wave-focusing
materials) can be created.

For future developments it is desirable to do many experiments,
based on the author’s theory. One can change the given refrac-
tion coefficient (x) in a desired direction.

Theoretically, the major advance is the author’s (asymptotical
as a — 0) solution to many-body scattering problem under the
assumption a << d <<\,
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